Using a correlation between local yielding and a multiaxial strength-to-stiffness parameter, the continuum-scale yield surface for a polyphase, polycrystalline solid is predicted. The predicted surface explicitly accounts for microstructure through the quantification of strength-to-stiffness based on a finite element model of a crystal-scale sample. The multiaxial strength-to-stiffness is evaluated from the elastic response of the sample and the restricted slip, single crystal yield surface. Macroscopic yielding is defined by the propagation of a yield band through the sample and is detected with the aid of a flood-fill algorithm. The methodology is demonstrated with the evaluation of a plane-stress yield surface for a dual-phase super-austenitic stainless steel.
I. INTRODUCTION
A physically based methodology that explicitly incorporates a polycrystalline solid's microstructure is presented for calculating its macroscopic yield surface. The methodology analyzes the spatial distribution of the onset of yielding at the crystal (micro) scale. This distribution is predicted using a correlation between the multiaxial strength-to-stiffness ratio and the likelihood of a crystal yielding locally that has been reported previously in References 1 and 2. The multiaxial strength-to-stiffness ratio is determined from the elastic response of a virtual sample of the solid and the single crystal yield surface for the constituent crystals. A macroscopic yield detection algorithm is employed to decide if the spatial distribution of yielding at the crystal scale is sufficient to render yielding of the full sample macroscopically.
To demonstrate the new methodology, the yield surface is evaluated for the dual-phase, stainless steel, LDX-2101. This alloy has nearly equal volume fractions of austenite [face-centered cubic (FCC)] and ferrite [body-centered cubic (BCC)]. For a number of biaxial stress conditions, points on the yield surface are evaluated and then used to construct a complete plane-stress yield surface. To assess the yield surface's predictive capabilities, the stress defined by the yield surface is compared to the stress computed using an elastic-plastic finite element simulation for several different biaxial stress conditions. The latter simulations were carried out to a load sufficient to induce plastic flow throughout the sample using a formulation that had been thoroughly validated against experiments, as reported in Reference 2.
A second macroscopic yield surface is constructed for the same material using different relative values of the austenite and ferrite slip system strengths. In particular, phase strengths differing by a factor of two, instead of being equal, were assumed (in both cases, the alloys have the same volume-averaged strength). The two examples effectively illustrate that the new methodology provides an efficient approach for building a continuum-scale yield surface that explicitly accounts for microstructural structural features like phase properties, phase topology, grain morphology, and crystallographic texture.
The paper starts with a brief summary of yield surfaces at the single crystal and the continuum scales. Next, an overview of the complete process of evaluating the macroscopic yield surface is presented, along with summaries of the main components of the method. This includes the multiaxial strength-to-stiffness parameter, the local yield predictor, and the algorithm for detecting macroscopic yield in a sample with a distribution of local yielding. Following these summaries, the finite element model of a sample of LDX-2101 is discussed, including a brief review of the principal points of the finite element framework employed here, the virtual sample instantiation, the assignment of local properties, and the suite of simulations conducted. Next, the spatial distribution of yielding over a virtual polycrystal is discussed for the case of uniaxial tension to illustrate the coupling between the microstructure and the onset of yielding. The demonstration of the method for evaluating the macroscopic yield surface for LDX-2101 is then presented. Following this, the impact of changing the relative values of slip system strength of the yield surface is used to show how the microstructure influences the macroscopic yield surface. Finally, conclusions are offered.
II. YIELD CRITERIA FOR ANISOTROPIC, POLYCRYSTALLINE SOLIDS
The intent of the methodology presented in this paper is to determine the macroscopic yield surface from the single crystal yield surface(s) and a description of the microstructure. The methodology is applicable to polyphase, polycrystalline solids provided the single crystal yield surfaces are known for all of the structurally significant phases. In this section, the construct of the single crystal yield surface for crystal deforming by restricted slip (slip on a limited number of systems) is summarized. This is followed by an analogous summary of continuum yield surfaces, including two common approaches for representing the surfaces mathematically: analytical and piecewise functions. A more thorough review of anisotropic yield criteria that account for crystallographic effects is available in International Materials Reviews. [3] Criteria at both the continuum and crystal scales share the characteristic that they form closed surfaces in deviatoric stress space that define the stress states capable of inducing plastic flow. No plasticity occurs for stress states within the surfaces; stress states outside the surfaces are inadmissible. Rate dependence of plastic flow alters this picture, but is accommodated by designating a family of (flow) surfaces parameterized by a metric that quantifies the kinetics of slip. One value of the metric, defined by a particular combination of strain rate and temperature, can be designated as a reference.
A critical point to note is that the methodology presented in this paper provides yield stress data, generated numerically using the crystal-scale properties for slip within crystals, from which the controlling parameters for any one of the continuum yield surface representations could be determined. In the demonstration presented later, a piecewise representation is used as a matter of the authors' preference, but an analytical form would be possible as well.
A. Yield Surfaces for Single Crystals
For crystalline solids loaded at temperatures between 0.3 and 0.5 of the homologous temperature and at strain rates between 10 À3 and 10 3 1 s , the plasticity is dominated by slip on a set of crystallographic systems (known as restricted slip). Plastic flow by crystallographic slip is isochoric and independent of the mean stress. Deformation by slip is strongly non-linear and rate dependent.
The single crystal yield surface (SCYS) is constructed by combining relations for individual slip systems. For each slip system, the relation specifies the stress required to activate slip on that system:
where the resolved shear stress, s k , is the projection of the deviatoric crystal stress tensor, r 0 , onto the slip plane and into the slip direction* and superscript, k, indicates the slip system. The Schmid tensor for each slip system is the diadic product of the slip plane normal, m k , and slip direction, s k :
The critical resolved shear stress, s k cr , is rate dependent and is approximated with a power law function of the slip system shearing rate, _ c k :
where m is the rate sensitivity and _ c 0 is a scaling parameter. The critical resolved shear stress is scaled by the slip system strength, g k , which acts a state variable and in general differs among the slip systems.
Equation [1] defines a surface in deviatoric stress space, parameterized by the crystal plastic deformation rate. Geometrically, the surface is the inner envelope of planes given by Eq. [1] . [5, 6] If the crystal stress satisfies any of the equations that define the surface, the crystal is plastically deforming via slip on the associated system. For plastic deformation involving multiple slip systems, the stress simultaneously satisfies Eq. [1] for multiple systems. The resulting deviatoric crystal plastic deformation rate is a linear combination of the slip system rates:
where the symmetric portion of the Schmid tensor defines a simple shear deformation mode. 
B. Yield Surfaces for Continua
At the continuum scale, specific microstructural information does not appear in the yield criteria. Rather, the criteria are functions of the stress together with scaling based on a metric for the strength. Most anisotropic criteria are extensions of isotropic criteria. [7] [8] [9] [10] For isochoric deformations, a yield criterion is defined generally in deviatoric stress space as
where r 0 is the deviatoric part of the Cauchy stress. [11] The surface is required to be convex. Anisotropy implies that yield criteria given by f cannot depend only on the invariants of the stress. Rather, the criteria are linked to a coordinate system with specific reference to the material. Rate dependence is introduced via the Zener-Holloman parameter or the Fisher factor, F :
Plastic flow may occur at any stress level, but because the behavior is highly non-linear, the plastic deformation rate decreased rapidly with decreasing stress. The plastic strain rate can be deduced from the yield criterion provided the criterion is constructed as a potential function. Under this construction, the plastic deformation, D 0 p , rate is
and f is proportional to the plastic rate of work.
Yield surfaces defined by analytical functions in stress space
In 1948, Hill proposed an analytical criteria for anisotropic responses [12] : 2fðr 0 Þ ¼c 1 ðr 22 À r 33 Þ 2 þ c 2 ðr 33 À r 11 Þ 2 þ c 3 ðr 11 À r 22 Þ 2 þ 2c 4 r 2 23 þ 2c 5 r 2 31 þ 2c 6 r 2 12 À 1 :
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In this relation, c 1 À c 6 are parameters that are determined from experimental data. This criterion has been used widely, but fails to capture the true shape of the yield surface sufficiently for some applications. Efforts to improve upon Eq. [8] are many, with progress having been reported on (1) the development of forms applicable to special stress states (particularly plane stress);
(2) the exponential power on the stress (which in large measure dictates the sharpness of the corners); (3) the stress transformation (which gives weighting of components and directionality with respect to the material orientation); and (4) the treatment of strain hardening (for expansion of the flow surface during deformation). Two criteria that have been adopted widely are those developed by Hill [13] and by Barlat et al. [14] A useful summary is given by Hosford (see Table 8 .1 of Reference 15) ( Table I ).
Yield surfaces defined by piecewise functions in stress space
Hyperplanes Yield surfaces have also been constructed using hyperplanes in deviatoric stress space. An example of this methodology defines the shape of the flow surface in terms of m hyperplanes in deviatoric stress space [16] :
The proper size is established by scaling Eq. [9] with two relations:
In these relations,r ij is a unit-magnitude stress direction and M is the average Taylor factor. [6] M provides the means to introduce crystallographic texture and with it anisotropy. Y is an effective flow stress that defines the magnitude of the stress for yielding. In Eq. [9] , the minimum distance from the origin of deviatoric stress space to the v hyperplane, Y v , is required, as are the coefficients f v ij , the normal vector to the v hyperplane. These data are evaluated from the crystal plasticity flow surface using crystal plasticity and the measured crystallographic texture. The flow law is obtained by designating f v as the plastic potential and differentiating with respect to the stress:
where m act is the number of active hyperplanes and _ k v are the loading scalars. Note that f v is linear with respect to r ij , which simplifies the resulting relation for the flow.
Piecewise functions Yield surfaces also can be represented using piecewise interpolation functions (e.g. finite elements) in stress space. [17] To account for the kinetics of plastic flow appearing in Eq. [6] , a reference surface is defined for a prescribed strain rate and temperature combination:
where r 0 ref corresponds to the yield stress at the reference value of F . NðnÞ are C 0 interpolation functions in which n are local coordinates on a four-dimensional surface (the yield surface is a four-dimensional surface residing in five-dimensional deviatoric stress space). The nodal point values of the flow stress at the reference combination of strain rate and temperature, r 0 j n o , are evaluated either from experimental data or analytically, such as by the method reported here. Values of the yield stress for other stress states are evaluated by interpolation as with any finite element representation. The reference value of yield stress can be rescaled to account for rate dependence. Again, the flow law is established using the normal to the yield surface. Note that the mesh can be refined in regions of higher curvature to better capture 'corners' of the yield surface. This requires that additional data be computed to provide values of the yield stress at the nodes of the refined mesh.
III. ESTIMATING MACROSCOPIC YIELD STRESS UNDER MULTIAXIAL LOADING
As previously stated, the purpose of the methodology presented in this paper is to provide synthetic yield data for defining an anisotropic yield condition at the continuum, or macroscopic, scale taking into consideration the microstructure of the material. Here, microstructure is meant to include, but not be limited to, the phase topology and contiguity, the grain morphology and the crystallographic texture. Single crystal properties, namely the crystal elastic moduli and the slip system strengths, are assumed known for all of the structurally significant phases.
A difficult hurdle for predicting the macroscopic yield of a specimen is to determine the load needed to extend a plastic band across an entire cross section of the sample. In a polycrystalline sample, yielding commences locally (within individual crystals) at various points in the polycrystal. The extent of the yielding increases with increasing load, eventually reaching a point at which zones of plasticity interconnect to form a surface that completely cuts across the sample. The load at which this occurs is taken here to be the macroscopic yield stress. At that point, one cannot find a purely elastic connection between the load-bearing ends of the sample. Detecting the extinction of an elastic pathway itself is challenging, but can be tackled with more than one approach, as discussed later. First, we focus on predicting the macroscopic load at which there is no longer an elastic pathway for a polyphase, polycrystalline sample.
To determine an entire yield surface for an anisotropic material, values of the macroscopic yield stress are needed for an array of loading modes. This array must span the possible combinations of stress components that may be active. In general, all five components of the deviatoric stress must be probed. For special stress states, like biaxial loading under plane stress (in-plane loading of sheets), fewer than five may be sufficient. A brute force approach would be to simulate the loading of a virtual sample under various combinations of the active stress components to a level sufficient to reach macroscopic yielding for each combination. If one could instead predict the stress level corresponding to macroscopic yielding based on knowledge of the microstructural properties and a simple elastic simulation, the effort to evaluate a yield surface could be substantially reduced. This becomes especially advantageous when dealing with the full yield surface (spanning all five components of deviatioric stress space), which requires probing of large numbers of stress directions. The new methodology reported here describes such an approach.
The new methodology builds on two developments: strength-to-stiffness parameter for multiaxial stress states and a correlation between the strength-to-stiffness parameter and yielding at the crystal scale. Using the strength-to-stiffness parameter together with the correlation for the prediction of crystal-scale yielding, it is possible to estimate the imposed stress to initiate yielding of finite elements of a virtual polycrystal. The methodology requires only the elastic strain data from a single increment of a purely elastic finite element simulation and the single crystal yield surface for the constituent crystals. These developments are reported in prior articles. [1, 2] Those articles examined yielding of stainless steel (AL6XN) and the duplex stainless steel (LDX-2101). The new methodology entails the following steps:
1. Using quantitative microscopy data, build a virtual sample with representative microstructure. This includes the phase volume fractions and topology, the grain size distribution, grain shape distribution, and crystallographic orientations. Assign appropriate properties to the grains, including the elastic moduli and strengths of the potentially active slip systems.
Establish a list of the loading conditions that span
the section of stress space to be interrogated (full five dimensions of deviatoric stress space or a more limited subspace, such as biaxial stress states related to a particular material-based reference frame).
Perform simulations in which an increment of load
is applied to the virtual sample. The increment of load is sufficiently small that the sample remains elastic everywhere. One simulation is performed for each of the loading cases identified in Step 2. 4. Using the data from the simulation, compute the strength-to-stiffness ratio for every finite element within every crystal of the mesh. 5. Using the yield prediction correlation, identify those finite elements that are likely to yield for a target estimate of the macroscopic yield stress. 6. Using yield detection algorithm, determine if macroscopic yielding has occurred at the target stress. 7. Correct the target until it is the lowest macroscopic stress at which macroscopic yield is detected.
In the remaining paragraphs of this section, the strength-to-stiffness parameter, the yield prediction correlation, and the yield detection algorithm are briefly summarized. Citations to articles with more detail are provided.
A. Strength-to-Stiffness Ratio for Multiaxial Stress States
The strength-to-stiffness parameter, r SE , is defined in terms of two basic properties of crystals: the single crystal yield surface and the elastic stiffness. [1] Equation [1] defines yielding in single crystals based on the stress acting on any of the potentially active slip systems. Specifically, yielding initiates when the resolved shear stress equals the critical resolved shear stress s k cr ; where k designates a slip system. This relation may be stated as max k js k j s k
Let ðÁÞ Ã denote a slip system where
The essential quantity controlling the onset of yielding in Eq. [14] is the ratio the stress (s Ã ) acting on the crystal to the slip system strength (s Ã cr ). The stiffness is derived from the stress when the elastic strain is known. The strength-to-stiffness is constructed using Eq. [14] , by dividing the stress by an estimate of the elastic strain. For this purpose, E eff , defined as the effective macroscopic elastic strain, is introduced, producing
is computed for chosen macroscopic stress states in the elastic regime. The computation of the crystal deviatoric stress needed to determine s Ã uses data from a single loading step of a purely elastic finite element simulation. Although r SE is a very simple, it proves to be a robust measure of the multiaxial strength-to-stiffness.
B. Methodology for Predicting Local Yield
In this section, we summarize the procedure for estimating the macroscopic stress required to induce yielding locally within grains. This procedure was developed previously. [1] The operating premise underlying the procedure is that any increment to the total load must be in regions of the body that have not already yielded-that is, the elastic regions. Strain hardening is neglected, but because the total strains in the elastic-plastic transition are not large (generally less than 1-2 pct), this is not a severe assumption. To start, a measure of the stress increment locally is constructed from the increment of the crystal effective stress, Dr divided by the increment of the macroscopic average stress, DR. This ratio is zero for plastic regions. Even in the absence of strain hardening, the macroscopic stress increases over the elastic-plastic transition. Thus, the ratio will continue to rise in the remaining elastic regions as yielding progresses. The local stress increment is estimated from the product of the applied macroscopic stress increment and the reciprocal of the elastic volume fraction taken to an empirical power n:
where v e and v are the elastic and total volumes, respectively. To account for the diminishing elastic volume during the elastic-plastic transition, the volumetric term intensifies the local load increment relative to the macroscopic load increment. This has a corresponding effect on the resolved shear stress.
The proportionality given by Eq. [16] is re-arranged and a scaling parameter is introduced:
where the proportionality constant, ds Ã =dR ð Þ 0 , is the derivative of the resolved shear stress (see Eq. [14] ) with respect to the macroscopic stress coefficient at zero load. This derivative is computed from a single elastic loading step of a finite element simulation. The macroscopic stress at which local yielding initiates, detected by s Ã ¼ s Ã cr in the rate-independent limit, is determined by integrating Eq. [17] over the total number of loading steps, N:
A value of 2/3 was determined for the volumetric scaling exponent, n, based on simulations performed for a single-phase stainless steel. [1] This value was subsequently used to estimate yielding for the duplex stainless steel ( LDX-2101). [2] For this material, the progression of yielding is shown in Figure 1 for a number of biaxial loading conditions. The biaxial ratio, BR, is the ratio of the lateral to axial stress components and takes on values between zero (uniaxial tension) and unity (balanced biaxial tension). The plots show the macroscopic yield predicted by the correlation versus values obtained by running finite element simulations to loads sufficient to induce macroscopic yielding.
C. Detecting Macroscopic Yielding
A sample reaches the point of macroscopic yielding when plastic flow engulfs a complete cross section of its load-bearing volume. The cross section may occur anywhere in the sample and may take on any orientation relative to the loading axes. Further, it need not be planar, but rather need to only continuously connect the boundaries. Another way to define the onset of macroscopic yielding is to require that there not be any elastic ligament (or pathway) that spans the sample's load-bearing surfaces. To detect when loads are sufficient to reach the macroscopic yield point, it is necessary to examine the topology of local regions within a sample that are undergoing plastic flow. Here, the flood-fill algorithm [18] serves that purpose. The flood-fill algorithm is a geometric-based approach for quantifying the connectivity of volumes within a body. For our purpose, the volumes are sub-volumes of the entire body characterized by their response being elastic. More specifically, the volumes are finite elements with plastic deformation rates below a specified tolerance. The tolerance is chosen to separate out those elements whose deformations remain in essence elastic.** The flood-fill **The viscoplastic character of the equations for slip allows some level of plastic flow at any non-zero stress. However, the non-linearity of the relation implies that for stress levels below the strength the rates are small. algorithm determines if a volume exists that connects opposing load-bearing surfaces at each step of a load history. If no such volume exists, then the condition for macroscopic yielding has been satisfied as an elastic ligament between the load-bearing surfaces does not exist. More details are available in Reference 1.
IV. FINITE ELEMENT MODEL FOR LDX-2101
STAINLESS STEEL
To carry out the new methodology delineated in Section III, a virtual sample of the subject material must be instantiated and its response to various loading states simulated. The simulations are conducted with finite element analyses, carried out here using the code, FEpX. FEpX has the capability to model the elastic-plastic deformations of a polycrystalline aggregate to large strains using anisotropic elasticity and restricted slip plasticity for the constitutive models. [4] The simulations need to only invoke a single loading increment within the elastic domain, however, to supply the data required by the new method's protocol. Simulations in which samples were loaded into the regime of fully develop plastic flow were carried out, nevertheless, so that comparisons of macroscopic yield stress could be made with values determined using the new methodology. In this section, the finite element simulations of LDX-2101 are discussed. The attributes of the representative virtual sample used to model LDX-2101 are presented and the suite of loading conditions considered in constructing the yield surface are described.
A. Virtual Microstructure Instantiation
LDX-2101 is a stainless steel alloy with two principal phases: austenite and ferrite. Both phases have cubic crystal structure-austenite is face-centered cubic (FCC) and ferrite is body-centered cubic (BCC). Austenite accounts slightly more than half of the volume (57 pct) and ferrite slightly less (42 pct). Two micrographs are presented Figure 2 that were generated using electron back-scattered diffraction (EBSD). The phases are distinguished by a false-color rendition: austenite is red and ferrite is blue. The shading varies in relation to the lattice orientation and makes individual grains visually apparent. One image shows a cross section having a normal parallel to the axial direction and the other shows a cross section having a normal transverse to the axial direction. Prior processing imparted a columnar microstructure along the axial direction. The austenite grains are smaller than the ferrite grains and are more regular (equiaxed) in shape. Additional details regarding chemical composition and processing are provided in Reference 2.
Instantiating virtual samples for the LDX-2101 microstructure is a difficult process. The difficulties arise from several attributes of the microstructure, especially the irregular shapes of the larger ferrite grains and the long strings of smaller austenite grains. Rather than using an off-the-shelf mesh generation tool, a custom tool was written to build the samples, which is described fully in Reference 19. The sample used here, shown in Figure 3 , consists of 18,673 austenite grains and 769 ferrite grains. The underlying finite element mesh has 1,701,000 elements and 2,321,325 nodes. Lattice orientations were assigned to the grains based on the experimentally measured texture. Ferrite exhibits a weak texture as a result of the processing. The austenite, however, exhibits very little texture and was assumed to have a uniform orientation distribution.
B. Assignment of Material Parameters
The single crystal constitutive model employed in FEpX is presented in detail in Reference 4 as well as being summarized in Reference 1. This model requires elastic moduli as well as parameters associated with the equations for restricted slip plasticity. The choice and justification of values of both the moduli and the plasticity parameters for LDX-2101 are documented in Reference 19. In the parametric study reported in Reference 19, four combinations of initial strength and hardening rate were evaluated, the four combinations given by equal or unequal initial strength and equal or unequal hardening rate. For either the unequal initial strength or the unequal hardening rate combination, the ferrite value was twice the austenite value. Further, the specific values were chosen so that the volume-averaged values were the same for the equal and unequal cases. These combinations were motivated by prior research reported in the literature that examined the relative properties of the austenite and ferrite in stainless steels. The parametric study showed that the combination of equal initial strength and initial hardening rate overall matched the lattice strains measured under uniaxial tension in which special attention was given to the progression of yielding as indicated by the inflection points in the lattice strain histories. Consequently, in constructing the macroscopic yield surface here, equal initial strengths and hardening rates are specified. However, as there were some attributes of the comparisons for which an assumption of stronger ferrite provided the better comparison, a second yield surface is constructed for comparison. For this case, the ferrite phase initial slip system strength is twice that of the austenite while the hardening rates are the same. The rate sensitivities are the same for both cases. The two sets of plasticity parameters are listed in Table II .
C. Loading Modes Simulated
A condition of plane stress often exists in thin sections, such as sheet metal during manufacturing processes and the webs in semimonocoque structures. Thin-walled tubes that are subjected to axial loads and internal pressure provide additional examples that arise both for load-bearing components and for samples used in mechanical testing. In this latter example, various biaxial stress conditions exist for different combinations of load and pressure. The stress tensor for these stress states can be written in the principal basis as To prescribe a desired value of stress biaxiality, the ratio of two stress components, r xx and r zz , are controlled while the third component, r yy , is required to be zero. The ratio of the two non-zero stress components can be manipulated by adjusting the velocities on the loading surfaces. [19] The biaxial ratio, introduced in Section III, is r xx r zz using the coordinate system in Eq. [19] . Full simulations (taken through the elastic-plastic transition) were conducted for five biaxial ratios: 0.0, 0.25, 0.5, 0.75, and 1.0 (for uniaxial tension, BR ¼ 0; while for balanced biaxial tension, BR ¼ 1). Additional simulations using the new predictive methodology included only biaxial ratios of AE 4; AE 2 and AE 1:33. Also, the cases of AEr xx with r zz ¼ 0 were examined.
V. APPLICATION TO LDX-2101 STAINLESS STEEL
In this section, the yield prediction methodology developed in Section III is used to evaluate the biaxial yield surface for LDX-2101. The biaxial yield surface is a locus of points in stress space for which each point on the surface corresponds to particular biaxial ratio. For this demonstration, the yield surface is represented with piecewise functions using interpolation functions and nodal point values, as summarized in Section II-B-2. With this representation, each nodal point is associated with an independent value of the biaxial ratio. Following the procedure outlined in Section III, elastic finite element simulations first are conducted for the nodal points of the yield surface to evaluate the corresponding multiaxial strength-to-stiffness values over the virtual sample. Then, using the yield prediction correlation together with the yield detection algorithm, the macroscopic stress level for yielding is estimated for all of the nodal points of the yield surface. With the nodal point values determined, the full yield surface is defined using the interpolation functions.
Several results are presented for LDX-2101. First, the presence of deformation bands under uniaxial stress loading is shown to illustrate the correlation between the grain structure and deformations over the virtual sample. Second, the elastic ligament field computed using the flood fill-algorithm is plotted, again for uniaxial stress, at the stress level sufficient to yield the sample. This is followed by presentation of the entire yield surface for biaxial stress conditions. Finally, the yield surface that results from assuming unequal phase strengths, also generated using the new methodology, is provided for comparison to the equal phase strength surface.
A. Yield Bands and Their Detection
Anisotropic properties at the grain level together with contrasting properties of the phases are the source of spatial heterogeneity of deformation in polycrystalline samples subjected to loading, even with the loading states are relatively simple (such as uniaxial or biaxial tension). Often referred to as grain interactions, this spatial attribute of the mechanical behavior is why microstructure must be considered in evaluating the yield surface. How the yielding in manifest over a sample depends on its microstructure and ultimately affects its yield surface. For this reason, a yield band is first considered together with plots of the plastic deformation rate field to illustrate the heterogeneity of deformation expected in this alloy.
Views of an LDX-2101 aggregate at yield under uniaxial loading are presented in Figures 4 and 5 . The plots depict the effective plastic deformation rate, D p eff , which serves as an indicator for yield. These plots were constructed using plastic deformation rate data from an elastic-plastic finite element simulation. Elements whose effective plastic deformation rate is at least one-tenth of the effective macroscopic deformation rate are judged to have yielded. Contours depicting the boundary between elastic and plastic regions are shown. Figure 4 presents a three-dimensional view and Figure 5 presents several two-dimensional cross sections along the x-axis. The strain rates vary spatially by a factor of three to four. The variations appear as clear diagonal bands running from the lower left to upper right. Bands also run from lower right to upper left, but are not quite as evident. The bands cross both phases and extend through the interior. Their spacing loosely correlates with the grain size, but the intensities of the bands vary substantially, and thus appear to depend on other factors as well.
The yield band detected for the uniaxial loading deformation field shown in Figures 4 and 5 appears in Figure 6 . In this figure, austenite is red, and ferrite is blue. One can readily see a complete gap between elastic elements attached to the top surface and those attached to the bottom surface. Only elastic elements connected either to the top or the bottom sample surfaces are shown; there are elastic elements in between these, but they have been deleted from the plot to facilitate better visualization of the band topology. The two surfaces are separated by the yield band. The yield band consists of plastic regions and islands of elastic material completely surrounded by plastic regions. The band runs diagonally across the same, consistent with the presence of bands of higher plastic strain rate shown in Figures 4 and 5 . For LDX-2101 with the microstructure described, the formation of a yield band first occurs when 92 pct of the aggregate has yielded. This is less than the critical volume fraction of 96 pct for a random distribution of yielding. It is expected that late in the elastic-plastic transition, the relative load rate would increase dramatically for the critical areas maintaining the connection between two surfaces. As a result, these critical areas yield preferentially. The yielded volume fraction at macroscopic yield is therefore less than the critical volume fraction for a random distribution of yielding.
B. Yield Surface for Biaxial Stress States
The plane-stress yield surface was constructed from the results for all the stress states probed and is shown in Figure 7 . As mentioned earlier, the specific stress states analyzed serve as nodal points for a piecewise representation of the complete surface. Von Mises and Tresca surfaces also are shown and can be seen to bound the predicted surface. For comparison, the yield surface was also evaluated for five points on the yield surface using the full elastic-plastic simulation with the yield band detection algorithm. The values obtained from these techniques also are plotted in Figure 7 . In addition to the graphical depiction shown in Figure 7 , the axial components of the macroscopic yield stresses are tabulated in Table III . The predicted and simulated yield stresses, both computed using the yield band detection algorithm, exhibit good agreement, within 2 pct of each other. The yield band detection algorithm, coupled with the predictive method for determining elemental macroscopic yield stresses, is an accurate and computationally efficient method for evaluating macroscopic yield stress.
The predicted yield stresses also agree well with those computed using the 0.06 pct effective strain offset method, which is illustrated in Figure 8 . This approach uses the traditional strain offset method [20] from the elastic portion of the stress-strain curve. The offset of 0.06 pct was chosen to match the yield surface data, which highlights the fact that the size of the offset is arbitrary. The yield stresses determined using the offset method are dependent on the size of the offset. The advantage of the yield band formulation is that it is physically based, and does not rely on an arbitrary offset. If an offset method is to be used, the yield band detection formulation can inform the size of the offset. In this example, the macroscopic material strength is fairly isotropic in the plane of loading considered, as reflected by the similarity of the predicted and von Mises yield surfaces. The new yield detection algorithm is, however, generally applicable to materials with highly anisotropic macroscopic strength.
To demonstrate the effect of relative phase strengths on macroscopic yield surface, the yield surface was evaluated using the predictive methodology for an unequal phase strength aggregate. The initial slip system strengths (g 0 ) were chosen such that the initial slip system strength for ferrite was twice that of austenite. The volume-average slip system strength is the same as for the equal phase strength case. The saturation slip system strengths (g s ) were also adjusted such that the two phases hardened at the same rate. The saturation slip system strengths do not, however, affect the yield prediction, and are included only for completeness of the material description. The material parameters are tabulated in Table II . The same material microstructure was used for both the equal and unequal phase strength cases. The only difference between the two cases is the slip system strengths.
The predicted yield surfaces for the equal and unequal phase strength cases are presented in Figure 9 . Changing the relative strength of the two phases alters the topology of the yield surface. The macroscopic yield strength is same for both cases for uniaxial loading in both the axial and transverse (hoop) directions. A decrease in macroscopic yield strength is observed for the unequal phase strength material for all non-zero values of biaxial ratio, with the greatest decrease in strength occurring for balanced biaxial loading.
For the unequal phase strength case, the initial slip system strength of austenite is half that of ferrite. The strength-to-stiffness ratios for austenitic regions are, in general, lower than the strength-to-stiffness ratios for ferritic regions. As a result, one would expect the majority of austenitic regions to yield before the majority of ferritic regions. Since the austenitic regions form a continuous banded structure running through the aggregate, complete yielding of the austenitic regions corresponds to the formation of a yield band. Thus, a lower volume fraction of yielded regions is required for macroscopic yielding for the unequal phase strength case, owing to the phase topology of the microstructure. This behavior is observed in the predictive model. Macroscopic yielding occurs when 90 to 93 pct of the equal phase strength aggregate is yielded locally. In contrast, macroscopic yielding occurs when only 62 to 77 pct of the unequal phase strength aggregate is yielded locally. The preferential yielding of austenitic regions that connect to form a yield band accounts for the reduction in strength of the unequal phase strength aggregate.
VI. DISCUSSION

A. Strain Rate and Temperature Dependence
The new methodology delivers a yield surface that depends directly on the distribution of the multiaxial strength-to-stiffness over the sample. The multiaxial strength-to-stiffness parameter itself is defined in terms of the critical resolved shear stress, s k cr , of the most active slip system. Equation [3] specifies how s k cr depends on the rate of shearing, _ c k . This relation expresses a simplified model for the kinetics of slip and allows the SCYS to be determined for a range of strain rates about the reference rate, _ c 0 . Using Eq. [3] , the strength-to-stiffness parameter can be rescaled by altering s k cr in Eq. [15] . In turn, the rescaled strength-to-stiffness can then be used to determine the macroscopic yield surface that is correct for the strain rate of interest. The slip system strengths more generally depend on both temperature and strain rate. By using a more general kinetics law, scaling for both different strain rates and temperature can be performed. Thus, the methodology can be utilized to determine yield surfaces over temperatures and strain rate for which a valid representation of the kinetics of slip is available.
B. Usefulness of the New Methodology
The most direct application of the method is to generate a macroscopic yield surface from microstructural characterization data. This is particularly useful if available experimental testing capabilities are limited to a few loading modes, such as tension/compression or tension/torsion, but service conditions for the material might involve more general loading conditions. In such cases, which are common in engineering applications, combining limited experimental data with estimates from the new method could be a very effective approach to estimating the yield surface in a timely manner. Presently, existing forms of the yield condition are invoked, like the von Mises criterion for isotropic behaviors or the Barlat criterion for anisotropic behaviors under plane stress states (as reviewed in Section II). The new method extends these approaches to include the explicit incorporation of microstructural state.
Another major use for the new method is expected to be investigations of the sensitivity of microstructural features on the macroscopic performance of a material. Multiphase alloys in particular often exhibit a wide array of microstructural states depending on the processing history. Processing variables associated with forming schedules and heat treatments affect the morphology and topology of the phases. These, in turn, affect such attributes as the phase contiguity, which is known to strongly influence strength in dual-phase systems having large differences in phase strength, for example. In addition, the phases that comprise a dual or multiphase alloy usually are not pure elements even though the composition may be dominated by one element. Mechanical properties for crystals of the phase composition may differ from those of a pure material. Thus, two general topics of interest for sensitivity studies are as follows:
Phase properties: single crystal values of elastic moduli and slip system strength both change the strength-to-stiffness metric and thus change the spatial distribution of local yielding as the load is increased. This, in turn, influences the heterogeneity of deformation, the onset of a macroscopic yield band, and the macroscopic yield surface. As shown in the LDX-2101 application here, these factors influence the shape of the yield surface and thus the degree of anisotropy. An interesting attribute of the new method is that changes in slip system strengths do not affect the directional stiffness, so examining strength variations can be done readily as only one set of finite element simulations is needed to quantify the directional stiffness.
Microstructural state: phase volume fractions, phase topology, grain shape, and lattice orientation all factor into the manner that phases and grains mechanically interact. Again, this influences the heterogeneity of the deformation and the onset of local yielding. Spatial variations in the yield band follow from the spatial variations in the constituent phases and grains, leading to differences in the yield surface with variations microstructure. Examination of the impact of changing the thermomechanical processing, and thus changing the microstructure, is open to study using the new method.
C. Issues concerning virtual samples
Central to the method are virtual samples. The method relies on the virtual samples for (1) accurate evaluation of directional stiffness and (2) replication of critical features of the microstructure to enable locating yield bands. These are two aspects of creating what are commonly referred to in the literature as representative volume elements (RVE). By representative, it is meant that any one sample will produce a response that falls within a typical distribution of observed behaviors and that the responses of a collection of samples will reproduce the observed distribution. A few comments are offered here regarding issues related to the two primary functions of the samples (quantifying directional stiffness and locating yield bands). These are discussed in terms of two types of microstructures: non-periodic and periodic.
Samples with non-periodic microstructures
Related works on two-phase titanium samples, [21] shown schematically in Figure 10 , indicate that RVE taken from the gage section of one sample (with defined spatial arrangement of grains) gave lower strength as the RVE size was increased. This happens because a smaller RVE may not coincide with the location of the initial band, but instead bases the onset of yielding on a band within the RVE that occurs at a higher load when local yielding is spatially more extensive. The full sample always gives the lowest strength. To accurately assess the macroscopic strength, the sample must be sufficiently large to capture the yield band regardless of the orientation it prefers within the sample. The microstructure influences the orientation of the yield band with the effect that the RVE size depends on the sample microstructure. This was observed for samples drawn from textured plate (parallel versus perpendicular to the rolling direction of the plate). Thus, caution is needed to assure that the sample is capable of exhibiting the controlling macroscopic deformation mode for yielding.
Samples with periodic microstructures
Highly repetitive microstructures can present an interesting challenge in terms of detecting a yield band. If the virtual sample is constructed to exploit periodicity of the microstructure (perhaps by assuming a more perfect arrangement of phases and grains than actually exists), then a constraint may arise from implementing the method using samples tied to a Cartesian domain. An example is offered in Figure 11 , in which a repetitive microstructure shown (b) is built from the unit cell shown in (a). If the method were applied to a sample containing only the unit cell shown in (a) and not invoking periodicity, macroscopic yielding would not be detected for the yield bands shown because the domain is artificially truncated. If, on the other hand, meshes with periodic microstructure and periodic boundary conditions were used with the method, the yield criterion could be that the material is yielded when there does not exist any element in the mesh that can be connected to all of its images via a flood-fill algorithm. Looking at Figure 11 (b), neither Element A nor B (nor any other element for that matter) can be connected to all of its images (A¢ and B¢, respectively). Applying the detection algorithm in this way would indicate that the material is Fig. 8 -Effective stress-strain curve for LDX-2101 at a biaxial ratio of unity. One measure of effective yield stress is given by the intersection of the effective stress-strain curve and a line drawn parallel to the elastic region at a prescribed offset. In this case, an offset of 0.06 pct strain was chosen to produce good agreement with the yield band detection algorithm. The components of the yield stress tensor are determined from the effective yield stress and the direction of loading in deviatoric stress space. yielded. This approach would eliminate any dependence on the shape of the domain.
VII. CONCLUSIONS
A new method to determine macroscopic yield surfaces is presented that explicitly includes the material's microstructure in construction of the yield surface. The method is physically based in that it links the distribution of yielding at the microscale to macroscopic yielding. The method predicts the onset of local yielding and then detects the existence of a macroscopic yield band, which is defined as an interconnected region of yielded material that completely separates two opposing surfaces of a polycrystalline aggregate. Central to the new method is a correlation between the onset of yielding locally and a metric for the crystal-scale, multiaxial strength-to-stiffness ratio. Existence of a yield band spanning the sample can be detected using either an eigenmode analysis or a flood-fill algorithm.
The new yield method is used to determine the yield surface for a dual-phase stainless steel for plane stress loading conditions. It is compared to the yield surface found by conducting elastic-plastic simulations through the full elastic-plastic transition to estimate the onset of macroscopic yielding. The yield surface predicted using the new methodology shows good agreement with the surface estimated from the full simulations. Further, agreement is good with the simulated yield surface calculated using the traditional strain offset method.
The yield surface also is evaluated for an aggregate with unequal phase strengths. Even though the volume-averaged slip system strengths were the same for both the equal and unequal phase strength aggregates, the unequal phase strength aggregate demonstrated a reduction in strength under biaxial loading. The decrease in strength and the alteration of the yield surface topology are attributed to the preferential yielding of austenitic regions that interconnect to form a yield band.
The new method provides an efficient method for evaluating a macroscopic yield surface while accounting for the grain and phase neighborhood effects associated with microstructure. The data needed to utilize the new method consist of the strain distribution for only a single elastic loading step for each of the loading modes, plus knowledge of the single crystal slip system strengths. It is advantageous over the traditional strain offset method because it is based on the propagation of local yielding through the microstructure, rather than the size of the arbitrary offset in the macroscopic stress-strain response. 
